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■ We show that the so-called hidden potential symmetries considered in a recent paper (T5J 

are ordinary potential symmetries that can be obtained using the method introduced by 
^ | ■ Bluman and collaborators 015]. In fact, these are simplest potential symmetries associ- 

ated with potential systems which are constructed with single conservation laws having no 
constant characteristics. Furthermore we classify the conservation laws for classes of porous 
medium equations and then using the corresponding conserved (potential) systems we search 
for potential symmetries. This is the approach one needs to adopt in order to determine 
the complete list of potential symmetries. The provenance of potential symmetries is ex- 
plained for the porous medium equations by using potential equivalence transformations. 
Point and potential equivalence transformations are also applied to deriving new results on 
potential symmetries and corresponding invariant solutions from known ones. In particular, 
in this way the potential systems, potential conservation laws and potential symmetries of 
linearizable equations from the classes of differential equations under consideration are ex- 
haustively described. Infinite series of infinite-dimensional algebras of potential symmetries 
^ ■ are constructed for such equations. 
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00 ■ 1 Introduction 

O ' 

A Lie symmetry group of a system of differential equations is a group of transformations that 
depend on continuous parameters and map any solution to another solution of the system. While 
there is no existing general theory for solving nonlinear equations, employment of the concept of 
Lie symmetry has been very helpful in determining new exact solutions. Details on the theory of 
Lie symmetry groups and their applications to differential equations can be found in a number 
of textbooks. See for example, [71 \29\ 150]. 

Bluman et al. [7J [8] introduced a method for finding a new class of symmetries for a system of 
partial differential equations A(x,u), in the case that this system has at least one conservation 
law. If we introduce potential variables v for the equations written in conserved forms as further 
unknown functions, we obtain a system Z(x,u,v). Any Lie symmetry for Z(x,u,v) induces a 
symmetry for A(x, u). When at least one of the infinitesimals which correspond to the variables 
x and u depends explicitly on potentials, then the local symmetry of Z(x, u, v) induces a nonlocal 
symmetry of A(x,u). These nonlocal symmetries are called potential symmetries. More details 
about potential symmetries and their applications can be found in [7J[9l[T0]. Potential symme- 
tries were investigated for quite general classes of differential equations. The problem of finding 
criteria for the existence of potential symmetries for classes of differential equations was posed 
in [37] . Some useful criteria were derived for partial differential equations in two independent 
variables. Nonclassical potential symmetries of such equations were discussed in [39J. 
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For partial differential equations in two independent variables, t and x, the general form of 
(local) conservation laws is 



where Dt and D x are the total derivatives with respect to t and x. The equality ([I]) is assumed 
to be satisfied for any solution of the corresponding system of equations. The components F 
and G of the conserved vector (F, G) are functions of t, x and derivatives of u and are called the 
density and the flux of the conservation law. Basic definitions and statements on conservation 
laws (conserved vector, equivalence of conserved vectors, characteristic, Noether's theorem etc.) 
are presented, e.g., in [29] . 

In the recent paper [18] the construction of hidden potential symmetries for some classes 
of diffusion equations is claimed. Here we show that these symmetries are usual potential 
symmetries that can be derived using the conventional method by Bluman and collaborators. 
In fact, the way proposed in [18] for obtaining potential systems is a particular case of finding 
characteristics of conservation laws of order zero and the so-called hidden potential symmetries 
are ordinary simplest potential symmetries corresponding to potential systems constructed with 
conservation laws whose characteristics are nonconstant. These symmetries are simplest since 
each of them is associated with a single conservation law and hence involves only a single 
potential. Furthermore potential symmetries derived in [18] were also found in [22]. Essentially 
more general results on potential conservation laws and potential symmetries of wider classes of 
porous medium equations including that with an arbitrary number of potentials were obtained 
in [23j [Ml [36] . A procedure of classification of related quasilocal symmetries was proposed in [16] 
for the general class of (l+l)-dimensional evolution equations. 

In the subsequent analysis, we examine each diffusion equation considered in [18] in more 
detail. We also study a class of porous medium equations which was stated in [18J. Special 
potential symmetries for a partial case of such equations were earlier derived in [17J. 

The first step in the investigation of potential symmetries is to calculate the conservation 
laws. The conventional symmetry approach for this is based on Noether's theorem but it cannot 
be directly used for evolution equations. There exists no Lagrangian for which an evolution 
equation is an Euler-Lagrange equation. Hence the application of Noether's theorem in this case 
is possible only for particular equations and after special technical tricks. At the same time, the 
definition of conservation laws itself gives rise to a method of finding conservation laws, which 
is called direct and can be applied to any system of differential equations with no restriction 
on its structure. The technique of calculations used within the framework of this method is 
similar to the classical Lie method yielding symmetries of differential equations. Four versions 
of it are distinguished in the literature depending on the way of taking into account systems 
under consideration and the usage either the definition of conserved vectors or the characteristic 
form of conservation laws. See, e.g., [U [33] on details of the calculation technique as well 
as [45] for comparison of the versions and their realizations in computer algebra programs. The 
necessary theoretical background is given in [29]. In the present work we employ the most 
direct version [33J based on immediate solving of determining equations for conserved vectors of 
conservations laws on the solution manifolds of investigated systems and additionally combined 
with techniques involving symmetry or equivalence transformations. 

A complete classification of potential symmetries can be achieved by considering all potential 
systems that correspond to the conservation laws. It is known [33] that the equivalence group 
for a class of systems of differential equations or the symmetry group for a single system can 
be prolonged to potential variables. It is natural to use these prolonged equivalence groups for 
classification of possible potential symmetries. In view of this statement we will classify potential 
symmetries of diffusion equations up to the (trivial) prolongation of their equivalence groups to 
the corresponding potentials. 
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In the next four sections we use classes of porous medium equations as examples and we 
find the first generation of potential symmetries. In the end of section [3] and in section [6] we 
present applications of potential equivalence transformations. In particular, a connection be- 
tween potential and Lie symmetries is established, new exact solutions are found and exhaustive 
description of potential symmetries of linearizable diffusion equations is given. Infinite series of 
infinite-dimensional algebras of potential symmetries are constructed for such equations. 

2 Fokker— Planck equations 

The class of the Fokker-Planck equations 



is contained in the class of (l+l)-dimensional second-order linear evolution equations which 
have the general form 



where the coefficients A, B and C are smooth functions of t and x, A ^ 0. Due to its importance 
and relative simplicity, class ([3]) is the most investigated in the framework of group analysis of 
differential equations. Equations from this class are often used as examples for the first presen- 
tations of investigations on different new kinds of symmetries, illustrative examples in textbooks 
on the subject and benchmark examples for computer programs calculating symmetries of dif- 
ferential equations. 

In fact, the complete group classification of (l+l)-dimensional linear parabolic equations 
(i.e., the complete description of their Lie symmetries up to the equivalence relation generated 
by the corresponding equivalence group) was performed by Sophus Lie [26] himself as a part of 
the more general group classification of linear second-order partial differential equations in two 
independent variables. A modern treatment of the subject is given in |30j . There exist also a 
number of recent papers partially rediscovering the classical results of Lie and Ovsiannikov. The 
local conservation laws of equations from class ([3|) were calculated in [11] using differential forms. 
This result was reobtained in [36J by the direct method of calculations of conservation laws. 

First the whole potential symmetry frame over class ([3]) including local and potential con- 
servation laws and usual and generalized potential symmetries with an arbitrary number of 
independent potentials of any level was investigated in [36J with combining a number of so- 
phisticated techniques such as a rather intricate interplay between different representations of 
potential systems, the notion of a potential equation associated with a tuple of characteristics, 
prolongation of the equivalence group to the whole potential frame and application of multiple 
dual Darboux transformations. In particular, all possible potential conservation laws of equa- 
tions from class ([3]) proved to in fact be exhausted by local conservation laws. Based on the tools 
developed, a preliminary analysis of generalized potential symmetries is carried out and then 
applied to substantiate the choice of canonical forms for potential systems. Effective criteria 
for the existence of potential symmetries are proposed for the case of an arbitrary number of 
involved potentials. Equations from class ([3]), possessing infinite series of potential symmetry 
algebras, are studied in detail. 

Nonclassical (conditional) symmetries of equations from class ([3]) and all the possible reduc- 
tions of these equations to ordinary differential ones are exhaustively described in [32]. This 
problem proves to be equivalent, in some sense, to solving the initial equations. The "no-go" 
result is extended to the investigation of point transformations (admissible transformations, 
equivalence transformations, Lie symmetries) and Lie reductions of the determining equations 
for the nonclassical symmetries. 
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There exist a number of earlier papers on investigation of particular potential or nonclassical 
symmetries of narrow subclasses of equations from class (JSJ) or even single equations from this 
class (see references in |32[ [36] ) . Below we discuss only some results which are directly related to 
class ([2]). Note that any pair (C,J-), where C is an equation from class ([3]) and J 7 is a conservation 
law of it, is reduced by a point transformation from the equivalence group of class Q to a pair 
where C is a Fokker-Planck equation ut = u xx + (F(t, x)u) x and T is its conservation 
law with the characteristic 1 (i.e., with the characteristic which is identically equal to 1) [36[ 
Proposition 8]. 

Class ([2]) admits the generalized extended equivalence group formed by the transformations 

2 - / 2 xb x 
t = 6 1 t + d2, x = 5ix + 53, u = ipu + ^(, f = — -, 

Ol Ol ip 

where tp = 5^ f e^^ dx dx+5^,; Si, i = 1, . . . , 5, are arbitrary constants, <5i(<5| ) ^ 0; ( = £(t, x) 
is an arbitrary solution of ([2]). Each local conservation law of (|2|) is canonically represented by 
a conserved vector (cm, — au x + (a x — af)u), where a = a(t,x) is an arbitrary solution of the 
adjoint equation at + a xx — fa x = [38]. Then, in view of Theorem 5 and Corollaries 20 
and 30 of [36] any potential system of (|2]), which is essential for finding potential symmetries, 
has the form 

v l x = a l u, v\ = a l u x — (a x — a l f)u, i = 1, . . . , k, (4) 

where k E N and a 1 = a l (t, x), i = 1, . . . , k, are arbitrary linearly independent solutions of the 
adjoint equation. The same statement for the particular case of the linear heat equation was 
earlier obtained in [55] , 

In [38] the potential systems of the form Q with a single potential (the case k = 1) were 
considered. Their Lie symmetries were preliminary investigated. The so-called natural potential 
systems associated with the characteristic 1 were studied in more detail. As a result, the 
corresponding special simplest potential symmetries were completely classified. (We call simplest 
potential symmetries ones arising under the consideration of potential system with a single 
potential.) The potential symmetries of the same kind were also found in [37] for the particular 
equation of form ([2]) with f = x, i.e., u% = u xx + (xu) x . It was shown in [20] that these 
potential symmetries are obtained from the "natural" simplest potential symmetries of the 
linear heat equation ut = u xx via a point transformation connecting the equations ut = u xx and 
ut = u xx + (xu) x . 

Recently these results were essentially generalized in [36] . Any characteristic of the linear heat 
equations, which gives rise to nontrivial simplest potential symmetries, proves to be equivalent, 
with respect to the corresponding Lie symmetry group, to either the characteristic 1 or the 
characteristic x \36\ Theorem 7]. The Lie algebra of simplest potential symmetries of the linear 
heat equation, connected with the characteristic x, was calculated in [20]. The above point 
transformation allows us to easily extend the description of characteristics which are essential for 
finding simplest potential symmetries to the Fokker-Planck equation ut = u xx + (xu) x . Namely, 
any nontrivial simplest potential symmetry of the equation ut = u xx + (xu) x is associated, up to 
equivalence generated by the corresponding Lie symmetry group, with either the characteristic 1 
or the characteristic e x. The Lie symmetry algebras of the potential systems constructed with 
the above characteristics are calculated. In other words, in [35] all simplest potential symmetries 
of the linear heat equation ut = u xx and the Fokker-Planck equation ut = u xx + {xu) x were found. 
Moreover, these equations are shown to possess infinite series of algebras of potential symmetries 
depending on an arbitrary number of potentials [36[ Proposition 13]. Other equations from 
class ([3]) (including those from class ([2])) possessing such series are singled out. 

System (43) of [18] is a partial case of the potential system ([4]) with k = 1 and a depending 
only on x. As above shown, such systems were intensively investigated earlier and/or in a more 
general frame than in [18] . 
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Results discussed in this section are easily extended by point or nonlocal equivalence trans- 
formations to linearizable second-order evolution equations [33] . Examples of such extension are 
presented in Sections [3] and [6] All the possible potential conservation laws of the correspond- 
ing linearizable equations and their potential symmetries depending on an arbitrary number of 
potentials are exhaustively described in this way. 

3 Inhomogeneous diffusion equations 

In this section we consider variable coefficient nonlinear diffusion equations of the general form 
f(x)u t = (g{x)u n u x ) x . (5) 
Using the transformation t = t, x = J ^|y, u = u, we can reduce equation ([5]) to 

= (u n u x ) x , 

where f(x) = g(x)f(x) and g(x) = 1. That is why, without loss of generality, we restrict 
ourselves to the investigation of equations having the form 

f(x)u t = (u n u x ) x . (6) 

The gauge g = 1 could be replaced by other gauges of arbitrary elements. For example, any 
equation of form ([5]) can be reduced by a transformation similar to the above one to an equation 
of the same form with / = 1. The gauge / = 1 is conventionally used for arbitrary elements 
of class ([5]) but the application of the gauge g = 1 instead of / = 1 leads to simplifying all 
investigations of symmetry and transformational properties of class ([5]) and hence is optimal. 
The usage of different gauges is discussed in [22], H3] IS] . 

The equivalence group G~ of class ([6]) has a simple structure and consists of the transforma- 
tions 

t = S\t + 5^, x = 8 2 x + 85, u = 83U, f = S\52 2 S^f, n = n, (7) 

where Si, i = 1, . . . , 5, are arbitrary constants, 616283 7^ 0. At the same time, class ([6]) possesses 
a generalized equivalence group which is wider than G~ . The notion of generalized equivalence 
groups was proposed by Meleshko [27j . See also [22] [35] SI] for discussions and generalizations of 
this notion as well as a number of examples of classes having nontrivial generalized equivalence 
groups and ways to use them in solving different classification problems. In contrast to usual 
equivalence groups [30j . components of transformations from generalized equivalence groups, as- 
sociated with independent variables and unknown functions, may depends on arbitrary elements 
of the corresponding classes. 

Theorem 1. The generalized equivalence group G~ of class © under the condition n 7= — 1 
consists of the transformations 

r r ~ 83X + 84 „ 

t = dit + 6 2 , x = - — , u = 07 05X + d 6 \ 

85X + 06 

3n+4 

f = 8 1 8 7 n \8 5 x + 8 e \"+i f, n = n. 

where 8j, j = 1, . . . , 7, are arbitrary constants, 8187 7= and 838$ — 8465 = ±1. 
In the case n = — 1 transformations from the group G~ take the form 

t = 6it + 8 2 , x = 83X + 8i, u = 8 5 e S6X u, f = 8 1 8^ 2 8^ 1 e" 5&x f, 

where 8j, j = 1, . . . ,6, are arbitrary constants, 818385 / 0. 
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Since the parameter n is an invariant of all admissible (point) transformations in class ©, 
this class can be presented as the union of disjoint subclasses where each from the subclasses 
corresponds to a fixed value of n. This representation allows us to give the interpretation of the 
generalized equivalence group G~ as a family of the usual conditional equivalence groups of the 
subclasses parameterized with n, and the value n = and n = — 1 being singular. In the case 
n = a part of the corresponding conditional equivalence group has to be neglected. 

The conservation laws for the class © are stated in the following theorem |21l [23] . 

Theorem 2. The space of local conservation laws of any equation of form Q with n ^ is 
two-dimensional and spanned by conservation laws with the conserved vectors (fu, —u n u x ) and 
(xfu, —xu n u x + fu n du). The space of local conservation laws of the linear equation fut = u xx 
(n = 0) is infinite- dimensional and spanned by (afu, —au x + a x u). Here a = a{t,x) runs 
through the solution set of the linear equation fat + a xx = 0. 

Up to G^-equivalence, these conservation laws give rise to the following inequivalent potential 
systems for equations ([6]) with n ^ 0: 

1. v x = fu, v\ = u n u x ; 

2. v 2 = xfu, vl = xu n u x — f u n du; 

3. v x = fu, vj = u n u x , v 2 = xfu, v 2 = xu n u x — f u n du. 

Systems 1 and 2 are associated with the conservation laws having the characteristics 1 and x, 
respectively. The united system 3 corresponds to the whole space of conservation laws. The 
generalized equivalence group G~ prolonged to potentials establishes additional equivalence 
between potential systems. Thus, in the case -1 the transformation 

i = t, x = x~ l , u = \x\~"+^u, v 1 = — (signx)f 2 , v 2 = — (signs;)?; 1 (8) 

_ 3n+4 

maps systems 1 and 2 to systems 2 and 1 in the tilde variables with / = \x\ "+ 1 f(x~ ), 
respectively. Systems 1 and 2 are G~ -inequivalent for an arbitrary pair of values of / iff n = — 1. 

System (17) of [18] with g = x ±2 is a particular case of the above system 2, and all symmetries 
obtained in [18] are nothing but usual potential symmetries derived previously in [42]. Thus, 
the operators V4 and V6 from (20) in [18J coincide with the operators T2/2 and Ti/4, where the 
operators T2 and T\ are presented in formulas (5.7) and (5.6) of [42], respectively. The operator 
W4 given in (25) of [18] differs from the operator Ti/3 by scaling the corresponding potential, 
where the operator Ti is defined in (5.9) of [42] . Additionally note that system (26) of [18] does 
not define the potential in a proper way. 

Potential symmetries of equation ([6]), associated with system 1, were first obtained in |40[|41j . 
see also [SI El [8] for the constant coefficient case / = 1. There exist two inequivalent equations of 
form ([6]) admitting such nonlocal symmetries. Below we adduce the values of arbitrary elements 
together with bases of the corresponding maximal Lie invariance algebras. 

1.1. / = 1, n = -2: 

(dt, d v i , 2tdt + ud u + v 1 d v i , xd x — ud u , —v l xd x + (xu + v 1 )ud u + 2td v i , 
4t 2 d t - ((v 1 ) 2 + 2t)xd x + ((v 1 ) 2 + 6t + 2xuv l )ud u + 4tu 1 <9, ) i, <pd x - ip v iu 2 d u ); 

1.2. / = x" 4 / 3 , n = -2: 

(dt, d v i, 2tdt + ud u + v 1 d v i , 3xd x — ud u — 2v 1 d v i, 3xv l d x — (v 1 + 3x~ 1 / 3 u)ud u — (v 1 ) 2 ^). 

Here and below ip = ip(t,v l ) is an arbitrary solution of the linear heat equation tpt = tp v i v i. 
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Potential symmetries of equation © associated with system 2 were first investigated in [32] 
(see also [24J). Up to the equivalence group G~, there exist exactly two cases of equations in 
class © admitting such potential symmetries: 

2.1. / = x- 2 , n = -2: 

(d t , d v 2 , xd x , 2td t + ud u + v 2 d v 2 , v 2 xd x - u 2 d u + 2td v 2 , 

At 2 d t + ((v 2 ) 2 + 2t)xd x + 2(2t - uv 2 )ud u + Atv 2 d v 2, x 2 ipd x - xu(ip + ip v 2ii)d u ). 

2.2. / = x- 2 (ci +C23T 1 )- 4 / 3 , c 2 #0, n = -2: 

(d t , <9„2, 2td t + ud u + v 2 d v 2, 3(c\x + c 2 )xd x - (2c 2 + 3cix)ud u + 2c 2 v 2 d v 2, 
3v 2 (ax + c 2 )xd x - (3x 4/3 (cix + c 2 y 1/3 u + (2c 2 + 3cix)v 2 )ud u + c 2 (v 2 ) 2 d v i) ; 

Here and below ip = ip(t,v 2 ) is an arbitrary solution of the linear heat equation ife = ip v 2 v 2. 
By transformation §8$, cases 2.1 and 2.2 are reduced to cases 1.1 and 1.2, respectively. For the 
precise reduction 2.2 — > 1.2 the transformation i = t, x = c± + c 2 x, ii = c^u from G~ has to be 
additionally carried out. 

The united system 3 is equivalent to the second-level potential system 

v\ = fu, w x = v , wt = f u n du (9) 

constructed from system 1 using its conserved vector (v, — j u n du), and w = xv 1 — v 2 . Nontrivial 
G~-inequivalent cases of potential symmetries associated with system @ are exhausted by the 
following ones: 

3.1. / = l, n = -2: 

(dt, d w , d v i + xd w , 2td t + ud u + v 1 d v i + wd w , xd x - ud u + wd w , 
(w - 2v 1 x)d x + (2xu + v l )ud u + 2td v i + (2t - (v l ) 2 )xd w , 
4t 2 d t + (2v 1 w - 3x<y ) 2 - 6tx)d x + (Qxuv 1 - 2uw + (v 1 ) 2 + Wt)ud u + 4to x a„i 
+ ((w 1 ) 2 ^ - 2tw - 2x(v 1 ) 3 )d w , ip v id x - <p t u 2 d u + (v l ip v i - ip)d w ); 

3.2. / = 1, n = -2/3: 

(dt, d x , d w , d v i + xd w , 2tdt + 3ud u + Sv^^dyi + 3wd w , xd x — 3ud u — 2v 1 d v i — wd w , 
wd x - 3uv 1 d u - (y) 2 <9„i); 

3.3. / = x -2, n = -2: 

(d t , d w , d v i + xd w , xd x - v 1 d v i, 2td t + ud u + v 1 d v i + wd w , 

x(2xv l — w)d x — u(xv 1 + 2u)d u + v 1 (w — xv 1 )d v i + (x 2 (v 1 ) 2 — 2t)d w , 

4t 2 d t + x(6t + 3x 2 (v 1 ) 2 - 4xv 1 w + w 2 )d x + 2u(2t - 3xuv l + 2uw - x 2 ^ 1 ) 2 + xv 1 w)d u 

+(2xv 1 w -2t- x 2 ^ 1 ) 2 - w^dyi + 2(2tw + x 3 ^ 1 ) 3 - x 2 ^ 1 ) 2 ^)^, 

x 2 tp v 2d x + (il) v 2 + uifj t )xud u - tpd v i + x(xv 1 ^ v 2 - i))d w ); 

3.4. / = x" 6 , n = -2/3: 

(fy, d w , d v i + xd w , 2td t + 3ud u + 3v l d v i + 3wd w , xd x + 6ud u + v 1 d v i + 2wd w , 

x 2 d x + 3xud u + (w — xv 1 )d v i + xwd w , xwd x — 3(xv 1 — 2w)ud u — (xv 1 — w)v 1 d v i + w 2 d w ). 

Here v 2 = xv 1 — w. By transformation © which is rewritten for v 1 and w as v 1 = w sign x — 
jxl?; 1 and w = |x| -1 w;, cases 3.3 and 3.4 are reduced to cases 3.1 and 3.2, respectively. 
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The linear equation fut = u xx (n = 0) possesses an infinite series of potential systems of the 
form 

4. v x = a l fu, v\ = a l u x — a x u, i = 1, . . . , k, 

where k > 1 and a 1 = a l (t,x) are arbitrary linearly independent solutions of the linear equa- 
tion fat + ol xx = 0. For the classification of potential symmetries of linear parabolic equations 
(in particular, the investigation of Lie symmetries of system 4) we refer the reader to [36] . See 
also the previous section for the discussion of this result. 

The appearance of nontrivial potential symmetries for equations from class © can be easily 
explained using transformations involving potentials and called potential equivalence transfor- 
mations (PETs), cf. [33]. It is sufficient to consider only the potential hodograph transformation 

t = t, x = v 1 , u = u^ 1 , v 1 = x, (10) 
and v 2 = v 2 (resp. w = w). Under transformation (|10p . system 1 is mapped to the system 

f{v l )v\ = u, v\ = u~ n - 2 u x . (11) 

Since transformation (|10p is a point transformation in the space of variables supplemented 
with the potentials, it establishes an isomorphism between maximal Lie invariance algebras of 
systems 1 and (llip . Note that transformation (I10|) is an involution, i.e., it coincides with its 
inverse. 

If / = 1 and n = —2, system (llip coincides with the potential system of the linear heat 
equation = u xx , associated with the characteristic 1. The potential systems of the linear 
heat equation are exhausted by the potential systems of form 4 with / = 1 [331 136] . Therefore, 
the whole set of potential systems (of all levels) of the u~ 2 -diffusion equation ut = {u~~ 2 u x ) x 
consists of the images of the potential systems of the linear heat equation, constructed with 
the tuples of characteristics including the characteristic 1 as the first element, with respect 
to transformation (I10p identically prolonged to the other potentials. The maximal level of 
potentials and potential systems equals two. All properties of potential symmetries of the 
« _2 -diffusion equation follow from the corresponding properties of the linear heat equation. 
In particular, Proposition 12 of [36] implies that the ii _2 -diffusion equation admits an infinite 
series {q p , p £ N} of potential symmetry algebras. For any p S N the algebra q p is of strictly 
pth potential order and is associated with p-tuples of the linearly independent lowest degree 
polynomial solutions of the backward heat equation. Moreover, each algebra q p is isomorphic to 
the maximal Lie invariance algebra of the linear heat equation. The case 3.1 is a specification of 
the above general frame, corresponding to the pair (1, x) of the simplest solutions of the linear 
heat equation. 

If / = x -4 / 3 and n = —2, system (jlip is equivalent to the {j _4//3 -diffusion equation 
vi = (v _4//3 ^x)x. The power nonlinearity of degree —4/3 is a well-known case of Lie symmetry 
extension from the Ovsiannikov's group classification of nonlinear diffusion equations [30]. Each 
Lie symmetry of system (jlip is the first-order prolongation, with respect to x, of a Lie symmetry 
of the w -4 / 3 -diffusion equation. Each Lie symmetry of the u _4//3 -diffusion equation is prolonged 
to a Lie symmetry of system (jlip and then mapped, by transformation (|10p . to a Lie symmetry 
of the system 1 with / = x _4//3 and n = —2. Therefore, the Lie invariance algebra of case 1.2 is 
isomorphic to the Lie invariance algebra of the £ _4 / 3 -diffusion equation. 

If / = 1 and n = —2/3, system (llip coincides with the potential system of the tt _4//3 -diffusion 
equation = (u™ 4 / 3 ?^)^, associated with the characteristic 1. The nontrivial Lie symmetry 
operator x 2 d x — 3xud u of this equation cannot be prolonged to a single potential. This is why 
the corresponding case of potential symmetry of equations from class © arises only under 
consideration of the united potential system 3 having two potential variables. 
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4 A class of porous medium equations 



The second class examined in [18] consists of porous medium equations having the form 

ut = (u n ) xx + h(x){u m ) x . (12) 

Here fix) /m from [18] is redenoted by h(x) for convenience. Only the case m = n was considered 
in [18] but this investigation in fact is needless. The general principle of group analysis of 
differential equations is that objects (differential equations, classes of differential equations, 
exact solutions, subalgebras of Lie invariance algebras etc.) are assumed similar if they are 
related via point transformations [29 1 13Q |. l35 j 144] . Such objects have similar transformational or 
other properties relevant to the framework of group analysis and hence a single representative 
from a set of similar objects is enough to be investigated. Any consideration in another style 
must be additionally justified. The subclass of class (|12p . singled out by the condition m = n, 
is mapped to class ([6]) via a family of point transformations parameterized by the arbitrary 
element h. Indeed, any equation of form (|12j) is reduced by the transformation 

t = t, x = e-f hdx dx, u = u, (13) 



to the equation of form ([6]) with f(x) = e 2 f hdx /n and h = n — 1. Transformation (|13h was 
found in |21[ [22] as an element of the generalized extended equivalence group of the wider class 
of nonlinear variable-coefficient diffusion-convection equations of the general form 

f(x)u t = (A(u)u x ) x + h(x)B(u)u x , 

where f A ^ 0. (The additional attribute "extended" means that transformations from the 
group may depend on arbitrary elements of the class in a nonlocal way.) The properties of 
possessing conservation laws and potential symmetries completely agree with the similarity 
relation of differential equations |33[ [36] . Hence any result on potential symmetries of equations 
from class (|12p can be easily derived via the application of the inverse to transformation (|13p 
as a reformulation of the corresponding result for class (|6|). See the discussion on potential 
symmetries of equations from class © in Section [3j Thus, potential symmetries of (|12p is found 
in [32] only in the case h = — l/(2x) (formula (36) of [32]). All of them are the preimages of 
symmetries presented in case 2.2 of Section [31 where c\ has to be set to equal 0. In other words, 
more general results on potential symmetries of equations from class (I12p than presented in [32] 
are in fact known. 



5 A second class of porous medium equations 

In [32] the porous medium equations of the form 

u t = ((u n ) x + f(x)u m ) x , (14) 

with n / was given without considering its potential symmetries. It was stated that the 
complete classification of potential symmetries was carried out in [T7]. There are three remarks 
on this statement. 

1) In [17] the case m = was omitted from the consideration since another representation 
for which the value m = is singular was used for equations from class (|14p . At the same time, 
the corresponding subclass of class (I14p contains well-known equations, e.g., the linearizable 
equation ut = (u~~ 2 u x ) x + 1. Moreover, some equations from the cases m = and m ^ are 
connected within both the point and potential frame. 
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2) The description of potential symmetries in [T7] was not a classification since no equivalence 
relations of equations or symmetries were used. 

3) Only simplest potential symmetries arising under the study of the corresponding "natural" 
potential systems were found. The problem on the construction of the other simplest and, 
moreover, general potential symmetries of equations from class (j!4j) was still open. 

We employ class (fl~4"|) in order to give the basic steps for the exhaustive classification of the 
simplest potential symmetries. Moreover, in the next section we completely describe potential 
symmetries of some equations from class (I14p . 

The equivalence group G~ of class (|14p is formed by the transformations 

1 2 

t = 5±t + 62, x = 53X + £4, u = 5\ n - 1 5s n - 1 u, 

~ m — n n — 2m-\-l 

f = Si e)3 /, h = n, fh = m, 

where 6i, i = 1, . . . , 4, are arbitrary constants, 8163 ^ 0. Additionally, the subclass singled out 
from (|14p by the condition m = n can be mapped to the subclass consisting of the equations 

by the transformation 

f= t , l-jjM**, (15, 

We present the conservation laws for (|14p and the subsequent potential systems. 

Theorem 3. Any equation from class (I14h has the conservation law of form (pQ) whose density 
and flux are, respectively, 

1. F = u, G = -nu n - l u x - fu m . (16) 



A complete list of G~ -inequivalent equations (|14p having additional (i.e. linear independent 



with (|16p ) conservation laws is exhausted by the following ones 


2. 


m = n 


/I: 


F = u fett dx dx, G = — Je^ dx dx (nu n - l u x + fu n ) + e^ dx u n , 


3. 


n + \, 


m = : 


F = xu, G = —x(nu n ~ 1 u x + f) + u n + f fdx, 


4. 


n + \, 


m = 1, 


f = l: F=(t + x)u, G = —(t + x)(nu n ~ l u x + u) + u n , 


5. 


n + \, 


m = 1, 


f = ex : F = e £t xu, G = —e et x(nu n ~ 1 u x + xu) + e £t u n , 


6. 


n = 1, 


m = : 


F = au, G = —a(u x + /) + a x u + f a x fdx, 


7. 


n = 1, 


m = 1 : 


F = (3u, G = -p(u x + fu) + (3 x u, 


where e = 
at + a xx 


= ±1 mod G~, a = 

= and (it + j3 xx 


- a(t,x) and (3 = P(t,x) are arbitrary solutions of the linear equations 
— fftx = 0, respectively. (Together with restrictions on values f , n 



and m we also adduce densities and fluxes of additional conservation laws.) 



These conservation laws can be used for the construction of potential systems that lead to 
potential symmetries for the equation (fl~4"|) . The associated characteristics are equal to the 
coefficients of u in the presented expressions for F. 

Here we consider only simplest potential systems (i.e., potential systems with one poten- 
tial variable, constructed with usage of single conserved vectors of basis conservation laws) of 
equations from class (|14p . having the form 

v x = F, v t = -G. 
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Cases 6 and 7 of Theorem [3] can be excluded from the investigation since they concern linear 
equations studied in [36]. Then, the equations of case 2 are reducible to diffusion equations of 
form ([6]) by transformation (|15p . The equations of cases 4 and 5 are reducible to the constant 
coefficient diffusion equation ui = (u n ) xx by means of the Galilei transformation 

t = t, x = x + t, u = u 

and the transformation 



corresponding to cases 1 and 3 of Theorem [3l (To distinguish the potential introduced, we 
denote the second potential by v*.) 

Lie point symmetries of the potential system (|17p give nontrivial potential symmetries of 
equation (|14p in the following cases: 



(dt, d v , xd x — ud u , Yltdt + (31nx — v)xd x + (3 — 31nx + xu + v)ud u + 2(3v — t)d v ); 

2. / = exln \x\, e = ±1, n = — 1, m = 1: 

(dt, d v , e~ £t (xd x — ud u ), e~ et (— exvd x + e(xu 2 + uv)d u + 2d v )); 

3. f = x, n = — 1, m = 0: 

(dt, d v , d x + td v , 2td t - xd x + 2ud u + vd v , t 2 d t + (v - tx)d x + (2t - u)ud u + tvd v ); 

4. / = 0, n = —1, m = 0: 

(dt, d v , xd x - ud u , 2td t + ud u + vd v , vxd x - (v + xu)ud u + 2td v , 
4t 2 d t + (v 2 - 2t)xd x - (v 2 + 2vxu - 6t)ud u + Atvd v , (3d x - v u 2 d u ); 

5. / = 1, n = —1, m = 1: 

(dt, d v , (x + t)d x - ud u , 2td t + 2xd x - ud u + vd v , v(x + t)d x - [(x + t)u + v]ud u + 2td v , 
4t 2 d t + [(x + t)v 2 - 2tx - 6t 2 ]d x - [v 2 - 6t + 2{x + t)vu]ud u + Atvd v , (5d x - (3 v u 2 d u ); 

6. / = ex, e = ±1, n = —1, m = 1: 

(9t, d v , xd x — ud u , 2tdt — 2etxd x + (1 + 2et)ud u + vd v , vxd x — (xu + v)ud u + 2td v , 
4t 2 d t + (v 2 -2t- Aet 2 ) xd x - (v 2 - 6t + 2xvu - 4et 2 ) ud u + 4tvd v , e~ et {pd x - (3 v u 2 d u )); 

7. n = — 1, m = — 1: 

(St, d v , tfidx - (1 - fip)ud u , 2td t + ud u + v<9„, - ((1 - fip)v + ipu)ud u + 2t5„, 

4t 2 5 t + (z; 2 - 2t)^^ - [2i]jvu + (v 2 - 2t)(l - /^) - 4t]n5 n + 4to5„, ^(/3^ - (/3,u 2 - f(3u)d u ));. 

8. / = 1, n=l, m = 2: 

(d t , d x , d v , 2td t + xd x - ud u , 2td x — d u — xd v , 4t 2 d t + 4txd x - 2(2tu + x)d u - (2t + x 2 )d v , 
e~ v [(au - a x )d u - ad v ]). 

Here a = a(t, x) and /3 = (3(t, v) run through the solution sets of the linear heat equation 
&t — ol xx = and backward linear heat equation (3 t + Pw = 0, respectively, <p(x) = e~^ dx , 
if,{x) = e - If dx f e f fdx dx. 




respectively. 

Therefore, we have to investigate only two potential systems 



v x = u, v t = nu n u x + fu m , 

v* = xu, v*[ = x(nu n ~ 1 u x + /) — u n — f fdx 



(17) 
(18) 



1. / = x 2 , n = —1, m = —2: 
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Note 1. Equations from class (|14p with n = —1, m = and / 6 {0, 1} are just different 
representations of the same equation. Potential systems corresponding to these two cases are 
connected via the transformation v = v + t of potential variable v. This transformation maps 
case 4 to the case 

/ = 1, n = —1, m = 0: 

{dt, dv, xd x — ud u , 2tdt + ud u + (i + v)d{,, (v — t)xd x — (v — t + xu)ud u + 2tdv, 
At 2 d t + [(v - t) 2 - 2t}xd x - [(v - t) 2 + 2(v - t)xu - 6t]ud u + ttvda, 
e^[Pd x -{h-\P)u 2 d u }), 

where the function (3 = 0(t, v) runs through the solution set of the backward linear heat equation 
Pt + hv = 0. 

Note 2. Cases 5, 6 and 7 are reduced to case 4 by the point transformations {x = x + t, u = u}, 
{x = e £t x, u = e~ £t u} and (|15p . respectively. The variables t and v are identically transformed. 

As mentioned, Lie symmetries of potential system (|17p were investigated in [T7] only for m^O 
and hence cases 3 and 4 were omitted there. It is explained by choice of another representation 
of equation (|14p . For all values of m, potential symmetries of equation (|14p associated with 
potential system (fT7|) are first classified above. 

There exists only one inequivalent case of potential system (|18p that gives nontrivial potential 
symmetries for equation (I14p . namely, f = x, n = —1 and m = 0. Lie algebra of potential 
symmetries in this case has the form 

9. f = x, n = —1, m = 0: 

(8 t , 8 V , 2td t - xd x + 2ud u , e- v */ 2 (2xd x + (x 2 u - 2)ud u - A3 V *)). 

Note 3. In this section we have first presented the classification of local conservation laws 
and the simplest potential symmetries of equations from class (|14p . To complete investigation 
of potential symmetries in this class, it is necessary to study potential systems depending on 
several potentials and systems constructed with potential conservation laws of (|14p . Using the 
potential equivalence methods, in the next section we describe general potential symmetries of 
linearized equations from this class. 

Here we give only one example on potential symmetries of equations from class (|14p with / ^ 
0, which involve two potentials. They are easily constructed via the point transformation (|15|) 
from potential symmetries presented in Section El Namely, the equation x~ e ut = (u~ 2 / 3 u x ) x 
from class ([6]) (case 3.4, / = x -6 , n = —2/3) is mapped by the transformation t = |t, x = | a;| 1//2 , 
u = |x| _9//2 u to the equation 

% = ((«V3). _ 2,x- l u l l% (19) 

from class (|14p . where h = rh = 1/3 and / = — 3x _1 . For coefficients to be simpler, we have 
additionally combined the corresponding transformation of form (I15p with a scaling. The second 
order potential system for equation (|19p . which is constructed from Q via the transformation 
prolonged to the potentials as v = —v 1 /2 and w = w/4, is 

v x = u, w x = x~ 3 v, ibi = x~ 3 u 1 ^. 

The associated potential symmetry algebra of (|19p is (we omit tildes for convenience) 

(dt, d w , 2d v — x 2 d w , 2tdt + 3ud u + 3vd v + 3wd w , xd x — 3ud u — 2vd v — 4wd w , 
x~~ d x + 3x~ 2 ud u + 2{2w + x~ 2 v)d v — 2x~ 2 wd w , 
xwd x — 3(x~ 2 v + w)ud u — (x~ 2 v + 2w)vd v — 2w 2 d w ). 



12 



6 Applications of potential equivalence transformations 



In a way analogous to class © (see the end of Section [3|) , potential equivalence transformations 
(PETs) can be effectively applied to explain the provenance of potential symmetries of equations 
from class (I14D , The main tool again is the potential hodograph transformation 

i = —t, x = v, u = u^ 1 , v = x. (20) 

Transformation (|2(J[) differs from (|l(jp in the sign of t due to a difference in the representations of 
classes ([6]) and (j!4|) and will be additionally modified via composing with point transformations 
in order to present the imaged equations in canonical forms. We need to interpret only cases 1-3, 
8 and 9 of nontrivial potential symmetries from Section [5] since cases 5-7 are reduced to case 4 
by point transformations and case 4 coincides, up to alternating the sign of t, with case 1.1 from 
Section [3] whose interpretation is presented in the end of that section. We also consider sub- 
classes including cases to be interpreted and show that the provenance of potential symmetries 
is connected with extensions of Lie symmetry groups of the corresponding potential equations. 

/ = l,n = l,m = 2 (case 8). The equation of form (|14p with these values of the 
arbitrary elements is the Burgers equation ut = u xx + 2uu x . The associated potential system 
v x = u, vt = u x + u 2 is mapped to the potential system v x = u, = u x of the linear heat 
equation ui = u xx , constructed with the conservation law having the characteristic 1, by the 
transformation T: t = t, x = x, u = ue" , v = e" . Analogously to the «~ 2 -diffusion equation, the 
whole set of potential systems (of all levels) of the Burgers equation consists of the preimages of 
the potential systems of the linear heat equation, corresponding to the tuples of characteristics 
including the characteristic 1 as the first element, with respect to transformation T identically 
prolonged to the other potentials. Let us recall that the potential systems of the linear heat 
equation are exhausted by the first-level potential systems of form 4 with / = 1 (see section [3|) 
[331136] . Therefore, the maximal level of potentials and potential systems of the Burgers equation 
equals two. All properties of potential symmetries of the Burgers equation follow from the similar 
properties of the linear heat equation, including the existence of an infinite series of potential 
symmetry algebras of all possible potential orders, which are isomorphic to the maximal Lie 
invariance algebra of the linear heat equation. 

n = — 1, m = 0. We have the mapping 

v x =u, v t = -u~ 2 u x + f ~ u t = (u~ l ) xx + f x 

& 

V X = U, V- t = U x + fu ~ % = + 

The imaged 'potential' equations form the class of semilinear convection-diffusion equations 
whose group classification is known [3j| . Only two inequivalent cases of this classification (the 
linear heat equation with / = and the Burgers equation with / = v) lead to inequivalent cases 
of potential symmetries in class (|14p . We neglect the case / = as was already discussed in 
Sections [2] and [3l 

In the case f = x = v both potential systems (fTT]) and (fT8l) give nontrivial potential sym- 
metries. The corresponding equation from class (|14p is a well known integrable equation [28\ 
p. 129] (see also [221 p. 328]). 

The maximal Lie symmetry algebra of the potential system fllTI) (case 3) is the preimage, 
with respect to the transformation 

v x =u, v t = -u~ 2 u x + x ~ u t = {u~ l ) xx + 1 




v x = u, vi = u x + vv x ~ vi = v xx + vv x , 



13 



of the maximal Lie symmetry algebra 

(c%, d x , td x — 9g, 2tdf + xd x — vdy, Pdf + txd x — (tv + x)da) 

of the Burgers equation vi = v xx + vv x , prolonged to u according to the equality u = v x . 
Therefore, these algebras are isomorphic. 

For the potential system (fTHl) with f = x, n = —1 and m = (case 9) we need to modify 
transformation <\20\) : 

* * -2 -1,12 / -1\ , 

v x = xu, v t = —xu u x — U + —X ~ Ut = (u ) xx + X 

t v* 2 1 

t = --, x = — , u = -, V = - 
4 2 u x 

v x = -v 3 u, v~ t = -{vu) x + v~ 2 v x ~ v~ t = (v~ 2 v x ) x + v~ 2 v x 

The equation = (v~ 2 v x ) x + v~ 2 v x arises under the group classification of convection-diffusion 
equations [53]. It is reduced to the remarkable diffusion equation Vf = (v~ 2 v x ) x by the point 
transformation t = t, x = e x , v = e~ x v. Its maximal Lie invariance algebra is 

A={d b d s , 2tdt + vdz, e-*d x + e-*fidi,}. 

The prolongation of A to u according to the equality u = —v~ 3 v x is an image of the algebra 
of case 9. Therefore, the algebra of case 9 is isomorphic to A and the maximal Lie invariance 
algebra of the diffusion equation v$ = (v~ 2 v x ) x . 

The united potential system of (|17p and (|18p with f = x, n = —1 and m = also admits 
Lie symmetries inducing potential symmetries of the equation ut = + 1- It is mapped 

to a system equivalent to the linear heat equation by transformation (|20p supplemented with 
v* = e v I 2 . Namely, we have the transformation 

v x = u, v t = —u~ 2 u x + x, v* = xu, vl = —xu~ 2 u x — u _1 + \x 2 ~ Ut 

([20]), y* = e v*/2 

v x = u, v- t = u x + vv x , v~ = \v*v, v~ = \v*v 2 + \v*u ~ v~ 

As a result, the whole set of inequivalent potential systems (of all levels) of the equation ut = 
(^ _1 )a-x + 1 consists of systems (fT7|) and ([15]) . the united system of (fTT|) and ([15]) and the 
systems obtained by the following procedure: We take any potential system of the linear heat 
equation v~ = v x ~ and supplement it with the equations v = 2v\jv* and u = v x defining v 
and u. The equations = % + vv x and v~ = \v*v 2 + ^v*u are differential consequences of 
the above equations in v*, v and u. Then the inverse of transformation (]20p extended to v* 
by v* = e v I 2 and identically extended to the other potentials gives the potential system of the 
equation u t = {u~ l ) xx + 1. 

The studied structure of the set of potential symmetries allows us to conclude that the 
potential symmetries of this equation are exhausted by cases 3 and 9 and the potential symmetry 
algebras constructed from Lie and potential symmetry algebras of the linear heat equation using 
the described procedure of extension and mapping. 

Finally, the above consideration shows that the well known linear and linearizable equations 
u t = u xx , u t = (u~ 2 u x ) x , u t = (u~ 2 u x ) x + u~ 2 u x , u t = u xx + uu x and u t = (u~ 2 u x ) x + 1 are 
singled out from classes of quasilinear second-order evolution equations with the properties of 
possessing infinite series of infinite-dimensional algebras of potential symmetries, isomorphic to 
the maximal Lie invariance algebra of the linear heat equation. Moreover, these equations are 
connected to each other by potential equivalence transformations. 



= (u 1 ) xx + 1 
= v*~. 

xx 
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n = — 1, m = 1. The corresponding subclass of class (|14p is mapped by (|20p in the following 

way 

v x =u, v t = -u~ 2 u x + fu ~ Ut = {{u^x + fu) x 

v x = u, vi = u x + f ~ v- t = v xx + f(v) 

The imaged 'potential' equations 

v~ t = v xx + f{v) (21) 

form the class of semilinear heat equations with sources. The problem of group classification in 
class (|2ip was solved in |13j (see also [19]). The linear equations from the list presented in [13] 
induce cases 4-6 already discussed. Excluding them, there is only one representative in the list, 
whose preimage with respect to (j20|) possesses potential symmetries. Namely, the equation of 
form (]2ip with / = e v In v has the maximal Lie invariance algebra 



(<%, d x , e £t vdv, 2e £t d x - se £t xvdy) . 

Preimaging this case of Lie symmetry extension in the class (|2ip . we obtain case 2 of the 
classification of potential symmetries in class (|14p . 

The same trick with preimaging with respect to the potential hodograph transformation (|20p 
can be applied to construct potential nonclassical symmetries in the initial subclass singled out 
by the conditions n = — 1 and m = 1. This is easy to do because nonclassical symmetries of the 
equations from the class (f2Tj) have been already investigated [6[ [T5J [TBI EI • The corresponding 
exact solutions were constructed by the reduction method in [61 [12], see also |44| . Nonlinear 
equations of form (|21|) possess purely nonclassical symmetries with nonvanishing coefficients of 
&i if and only if / is a cubic polynomial in v, i.e., / = av 3 + bv 2 + cv + d, where a, 6, c, and d 
are arbitrary constants, a / and the coefficient b can be put equal to by translations with 
respect to v. Up to the equivalence generated by translations with respect to v and x, such 
symmetries are exhausted by the following operators (hereafter 6 = and \i = ^/|c|/2): 

a<0: d- t ± \^-2avd x + §(a£ 3 + cv + d)da, 

c = 0, d = 0: — 3x _1 9 £ — 3x~ 2 £<9,y, 
c < 0, (i = 0: c%+ 3/itan(/ix)<9i — 3// 2 sec 2 (/ix)vdv, 
c > 0, d = 0: c% — 3/itanh(/iai)3£ + 3 / u 2 sech 2 (^5i)i;9{;, 
— 3/i coth(/i:r)c\. — 3// 2 cosech 2 (//x)i)<9{}. 

Using PET (|20p . we are able to obtain potential nonclassical symmetries of equation (|14p 
with n = — 1, m = 1 and / = ax 3 + 6x 2 + cx + where a / and we assume 6 = 0, which are 
associated with potential system (JTTJ) : 

a < 0: d t - |(ax 3 + cx + d)6>a, ± §V— 2ax9„ + |[3ax 2 u + cu ± y/— 2a]d u , 

c = 0, d = 0: <9i + 3f~ 2 x3 x + Sw -1 ^ + 6nu _3 (ra — 
c < 0, d = 0: 

dt + 3// 2 sec 2 (//f — 3(j,t&n.((j,v)d v — 6/i 2 sec 2 (//u)[^xtitan(^f ) + l]ud u , 
c>0,d = 0: 

dt — 3(J?sech. 2 (fiv)xd x + 3fitanh(fiv)d v — 6fi 2 sech 2 (/j,v)[nxutanh(fiv) — l]ud u , 
dt + 3/j, 2 cosech 2 (iiv)xd x + 3/x coth(/xv )d v + Qji 2 cosec\i 2 {jJiv)[iixucoth.{^v) — l]ud u . 
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Note that the operator presented for the case a < is in fact usual nonclassical symmetry since 
it is projectable to the space (t, x,u). 

There exist two ways to use mappings between equations in the investigation of nonclassical 
symmetries. Suppose that nonclassical symmetries of the imaged equation are known. The 
first way is to take the preimages of the constructed operators. Then we can reduce the initial 
equation with respect to the preimaged operators to find its non-Lie exact solutions. The 
above way seems to be non-optimal since the ultimate goal of the investigation of nonclassical 
symmetries is the construction of exact solutions. This observation is confirmed by the fact that 
the imaged equation and the associated nonclassical symmetry operators often have a simpler 
form and therefore, are more suitable than their preimages. This is why the second way based 
on the implementation of reductions in the imaged equation and preimaging the obtained exact 
solutions instead of preimaging the corresponding reduction operators is preferable. The same 
observation is true for Lie symmetries. 

For example, the equation ut = [(u~ 1 ) x —x 3 u] x is mapped by (f20|) to the equation 
Therefore, we have the mapping between solutions 



Vxx-V 3 . 



2^2x 
x 2 + 6t 



u 



-V2 



Vl + 3tx 2 ± 1 



xVl + 3tx 2 



Analogously, the equation u t = [(it 



xix 2 — l)u] x is transformed via ([20]) to the equation 



,~,3 



+ v. Under the inverse transformation, the known non-Lie exact solution j6[ [12] 



Ci exp - C[ exp 

V = — f r " '—, 

C 2 exp (-ft) + Ci exp hfxj + C[ exp (-^x 
of the imaged equation is mapped to the exact solution 
C 2 xei l ± ^JC 2 x 2 e 3t - C 3 (x 2 - 1) 



V2ln 



Ci(x-l) 



of the initial equation. 

f = x~ 2 ,n=— 1, m = — 2 (case 1). The reducing transformation in this case is the most 
complicated: 



v x = u, v t 

t ■- 



-u 2 U X + x 2 u 2 ~ 



Ut = ((« X )x+X 2 U 2 ) x 



t, x = v H — , u 
3 



v x = u, Vl = U X + U 6 



11 , v 2 

1 — , v = lax H 1 1 

xu 3 3 27 

~ v- t = v xx + vl 



The imaged 'potential' equation = v xx + v x possesses only trivial shift and scale Lie symme- 
tries. Namely, its maximal Lie invariance algebra is generated by the operators dt, d x , d v and 
4tdt+2xd x +v d v . Its first prolongation with respect to x gives the maximal Lie invariance algebra 
(dt, d x , d v , 4tdt + 2xd x + vd v — ud u ) of the imaged potential system. Usually such simple opera- 
tors do not induce purely potential symmetries via potential equivalence transformations similar 
to the potential hodograph transformation. This is not the case here since due to the complexity 
of the applied transformation the preimage of the scale operator 4tdt + 2xd x + vd v — ud u is a 
purely potential symmetry. 
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7 Conclusion 



The complete classification of potential symmetries for a given partial differential equation can 
be achieved by considering all the potential systems corresponding to the finite-dimensional 
subspaces of the space of conservation laws of the equation. Further study can be introduced 
in determining conservation laws for the potential systems which, in turn, lead to the second 
generation of potential systems. Lie symmetries can be derived for the second generation of 
potential systems with the optimal goal to obtain potential symmetries for the original equation. 
This procedure can be iterated. 

The so-called hidden potential symmetries that appear recently in |18| are ordinary potential 
symmetries in the primary sense of [?, 8J. They can be obtained using the standard approach 
described in the present paper and have been earlier found for a number of different equations. 
Moreover, these symmetries are simplest ones since each of them involves a single potential. 
The attribute "hidden" serves in [18] for emphasizing a difference between the cases of constant 
and nonconstant characteristics ("natural" and "hidden" potential systems, respectively) but 
this difference is not essential in any way. We point out that, to our knowledge, hidden po- 
tential symmetries did not appear in the literature before. As a rule, the attribute "hidden" 
is used for symmetries of a system of differential equations, which in fact are symmetries of a 
related system in certain "usual" sense. Thus, hidden point symmetries of a system of partial 
differential equations arise as point symmetries of systems obtained by Lie reductions of the 
initial one [29} p. 197]. For details the reader can refer to pQ. The first nontrivial example 
of such hidden symmetries was found by Kapitansky [25] for the Euler equations. It is also 
presented in [29]. Wide families of such hidden symmetries of the Navier-Stokes and Euler 
equations were constructed in [151 131] . Different notions of hidden symmetries were invented 
for ordinary differential equations [2] . They are connected with lowering or increasing the order 
of the corresponding equations via differential substitutions. In [14] another notion of hidden 
symmetries was proposed for linear partial differential equations with extending the class of 
admissible symmetry operators by pseudo-differential ones. 

Hidden symmetries of all the above kinds are stable under point transformations in the sense 
that the image of a hidden symmetry of an initial object (a differential equation or a system of 
such equations) under a point transformation is a hidden symmetry of the corresponding trans- 
formed object. This property is important since involving different point equivalence relations 
in statements and solutions of problems is one of the main principles of group analysis of dif- 
ferential equations. Since the "hidden" potential symmetries that appear in [18] do not possess 
the property of the stability with respect to point transformations, the usage of the attribute 
"hidden" is not justified therein. 

Another point which should be emphasized is that point and potential equivalence trans- 
formations in classes of differential equations play an important role in the investigation and 
application of potential frames over them. Often new conservation laws, potential symmetries 
and corresponding invariant solutions can be easier constructed from known ones via such trans- 
formations than by direct calculations. In the present paper this conclusion has been illustrated 
by a number of examples. 
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